ABSTRACT. Equifacetal simplices, all of whose codimension one faces are congruent to one another, are studied. It is shown that the isometry group of such a simplex acts transitively on its set of vertices, and, as an application, equifacetal simplices are shown to have unique centers. It is conjectured that a simplex with a unique center must be equifacetal. The notion of the combinatorial type of an equifacetal simplex is introduced and analyzed, and all possible combinatorial types of equifacetal simplices are constructed in even dimensions. It is conjectured that the present constructions give all possible types in odd dimensions, which are more complicated.
INTRODUCTION
In this paper we study an appropriate higher dimensional analog of the simplest and most familiar construction of traditional Euclidean plane geometry: the construction an equilateral triangle with any given line segment an edge.
We analyze simplices all of whose facets, the maximal proper faces, are congruent to one another, which we call equifacetal simplices.
Moving up a dimension from the classical situation, one may ask, for example, whether for a given triangle there is a tetrahedron all of whose faces are congruent to the given triangle. We begin by recalling that for a given triangle T there is a tetrahedron S such that all four faces of S are congruent to T if and only if T is acute. Altshiller-Court [1] , among others, studies such equifacetal tetrahedra. Later printings of his monograph include the stated restriction on the facets. See also [8] , [10] , [12] .
In higher dimensions we show that there are many equifacetal, non-equilateral simplices, systematically constructing examples in a large array of possible "combinatorial types". In a recent paper, H. Martini and W. Wenzel [14] gave a construction that showed the existence of non-regular equifacetal n-simplices in higher dimensions. V. Devidé [5] presented an analysis that in particular deals with the dimension 4 case. See also the work of P. McMullen [15] and B. Weissbach [18] for related work, focused on the requirement that the facets have equal areas.
We study the isometry group of an equifacetal simplex and show that it acts transitively on the vertices and on the facets. As a corollary it follows that an equifacetal simplex has a unique center. This result provides a unified explanation of numerous scattered and more or less ad hoc results in the literature where it is shown that certain centers coincide for certain equifacetal simplices (e.g. [1] , [5] , [6] , [12] , [13] , and [14] ).
We then consider the converse and conjecture that a simplex with unique center is equifacetal. In the case of the tetrahedron this follows from work of Altshiller-Court [1] . See also Devidé [5] for proofs that put the result in a more general context. The proof only requires knowing that two of the incenter, circumcenter, centroid or Monge point coincide. A proof for the full conjecture should involve systematic use of larger numbers of canonical centers that in general ought to be independent of one another.
Outline of the paper. In Section 2 we show that the isometry group of an equifacetal tetrahedron acts transitively on vertices and that an equifacetal tetrahedron has a unique center. In Section 3 we prove the analogous results for equifacetal simplices in general, with somewhat more elaborate proofs required. In Section 4 we discuss the realization of a given set of edge lengths by a simplex and introduce the strong combinatorial type of a simplex as the edge coloring corresponding to edges of different lengths. In Section 5 we explain the main restrictions on the strong combinatorial types that arise from an equifacetal simplex. In Section 6 we associate with each equifacetal n-simplex a partition of n, which we call the bookkeeping partition or the weak combinatorial type, as a way of cataloguing different equifacetal simplices. In Section 7 we prove certain realization results about which weak combinatorial types arise from strong combinatorial types of equifacetal simplices. In Section 8 we display a number of examples in dimensions 5 and 6 that temper ones optimism about natural possible extensions of some of the results in low dimensions. In Section 9 we indicate how any transitive permutation group gives rise to an equifacetal simplex. Finally in an appendix we list all the realizable weak combinatorial types up through dimension 11 and highlight the first unknown cases that show up in dimension 13.
Acknowledgement: I would like to thank Horst Martini and Mowaffaq Hajja for their interest in this work and their guidance to the literature.
THE TETRAHEDRON
As mentioned above, Altshiller-Court proved that a triangle is a facet of an equifacetal tetrahedron if and only if it is acute. Another way to say this is that, given three edge lengths 0 < a ≤ b ≤ c, there is a tetrahedron with all faces having these three edge lengths if and only if c 2 < a 2 + b 2 , as follows immediately from the Law of Cosines. Such a tetrahedron is characterized by the property that disjoint edges are congruent to one another.
Altshiller-Court [1] also noted by direct arguments that for an equifacetal tetrahedron ("isosceles" in his terminology), the centroid, circumcenter, incenter, and Monge point coincide. He also showed that if any two of these four centers coincide, then the tetrahedron must be equifacetal. Devidé [5] , perhaps unaware of Altshiller-Court's work, showed that the incenter, circumcenter, and centroid all coincide for an equifacetal tetrahedron, and that if any two of them coincide, then the tetrahedron is equifacetal. See also [6] for more aspects of equifacetal tetrahedra. And Kupitz and Martini [13] showed that the FermatTorricelli point coincides with the circumcenter or with the centroid if and only if the tetrahedron is equifacetal. Hajja and Walker [12] also showed that the Fermat-Torricelli point must coincide with the classical centers for equifacetal tetrahedra, and that if the FermatTorricelli point coincides with a classical center, including the incenter, then the tetrahedron must be equifacetal. We will offer an explanation for these and similar results based on the presence of enough symmetry, showing that an equifacetal tetrahedron has just one unique center. The separate proof we give here foreshadows a more general result to be presented in due course for arbitrary equifacetal simplices.
Any tetrahedral center must be fixed by any isometry of the tetrahedron to itself. Theorem 2.1. An equifacetal tetrahedron T = ABCD has exactly one center, for there is a unique fixed point for the group of isometries leaving T invariant.
Proof. The equifacetal tetrahedron T has the property that disjoint edges are congruent to one another. Consider the line L connecting the midpoints M of AB and N of CD. We claim that L is actually perpendicular to AB and CD. To see this, note that MN is the median line of the triangle ANB. But AN is the median of triangle ACD while BN is the median line of triangle BDC and these two triangles ACD and BDC are congruent by assumption. It follows that AN ∼ = BN. Therefore triangle ANB is isosceles, and the median line MN of triangle ANB is perpendicular to the base.
It follows that T is invariant under the 180 • rotation about line L. And so any tetrahedral center must lie on L. In similar fashion T is invariant under the 180 • rotation about the other two bimedian lines. These lines have exactly one point in common, the centroid.
The discussion above shows that the converse of the theorem also holds: a tetrahedron with a unique center must be equifacetal.
THE n-SIMPLEX
By an n-simplex we understand the convex hull of n + 1 affinely independent points A 0 , A 1 , . . . , A n in some euclidean space R d , d ≥ n. We will write it simply as A 0 A 1 . . . A n . A point P in the n-simplex may be given uniquely by its barycentric coordinates as P = t 0 A 0 + t 1 A 1 + . . . t n A n , where each t i ≥ 0 and ∑ t i = 1.
For more details on simplices and polytopes in general we refer to the classic monograph of B. Grünbaum [9] or the more recent text by G. Ziegler [20] . We shall see that equifacetal simplices in higher dimensions have many of the same properties of their 3-dimensional counterparts. In particular, their isometry groups act transitively on vertices, so that they have unique centers. Two differences are that being a face of an equifacetal simplex is no longer an open condition and that many more patterns of equifacetal face types emerge.
3.1. Isometry groups. By the higher dimensional analog of the Side-Side-Side principle of Euclidean plane geometry, the edge lengths completely determine a simplex up to isometry, as we formulate in the following lemma, whose formal proof we omit. See M. Berger [2] , Proposition 9.7.1, for example, for more details. Proof. If two vertices had different degree, then the two facets of S obtained by omitting one or the other of the two vertices would have different numbers of edges of the given length, contradicting the fact that S is equifacetal. And if two components of G ℓ were not congruent, then the two facets obtained by omitting a vertex from the respective components would have non-congruent graphs of edges of the given length.
The following is one of the most basic and useful results of this paper. Proof. The result is clearly true for any equilateral simplex. So assume without loss of generality that the simplex S is not equilateral.
Let A i and A j be two vertices. We seek to display an isometry of S mapping A i → A j . Let F i and F j be the faces obtained by deleting A i and A j , respectively. Let ϕ : F i → F j be any isometry, which exists by assumption.
We claim that by mapping A i → A j , ϕ extends to an isometry of S to itself. For each vertex A k of F i consider the vertex A ′ k = ϕ(A k ). By Lemma 3.1 we just need to verify that
k have the same sets (with multiplicities) of edge lengths incident at them in F i and F j , respectively, and the same edge lengths incident at them in S itself, by Lemma 3.2, it follows that the length of the edge A k A i must be the same as the length of the edge A ′ k A j . Thus, consideration of the constant edge length graphs containing A i A k , which have constant degree at all vertices of S, implies that
It follows that the mapping A i → A j extends ϕ to an isometry of all of S, as required. Remark 1. Certainly the isometry group of a non-equilateral simplex is not the full symmetric group. All of our actual constructions of equifacetal n-simplices involve an isometry group that contains a cyclic or dihedral group of order n + 1. There is a close connection between transitive subgroups of the symmetric group and combinatorial types of equifacetal simplices. But note that a doubly transitive group of isometries would imply that the simplex is equilateral.
3.2. Simplex Centers. For our purposes it suffices to view a simplex center as a function that assigns to any simplex a definite point in the affine span of the simplex such that that point is fixed by any isometry of space that leaves the simplex invariant. (If a center is viewed as a function of the ordered vertices, then one would want it to be invariant under permutation of the vertex labelling. One might also require that it scale appropriately under a similarity map. See Kimberling [11] for such a discussion in dimension 2.)
For an arbitrary generic simplex literally any point could potentially be a center. Since an isometry preserving a simplex must also preserve any center, the presence of nontrivial symmetry will restrict the centers of a simplex. Proof. Any isometry must fix the centroid ∑ 1 n+1 A i . We will show that any point fixed by the entire isometry group of S must be the centroid.
Suppose g : S → S is an isometry. Then g maps vertices to vertices and preserves barycentric coordinates, so that g(∑ t i A i ) = ∑ t i g(A i ), where each t i ≥ 0 and ∑ t i = 1.
(From this it follows that g preserves the centroid.) Suppose in addition that x = ∑ t i A i is a fixed point of g. Then we conclude that
. Uniqueness of barycentric coordinates shows that the coefficient of A i is the same as the coefficient of g(A i ). If x is a fixed point of the entire isometry group, then t 0 = t 1 = · · · = t n since the isometry group acts transitively on the set of vertices. It follows that x is the centroid
We propose the converse of the preceding theorem as a conjecture.
Conjecture 1. If a simplex has a unique center, then it is equifacetal.
As noted earlier, this conjecture is true in dimension 3.
Devidé [5] proved in general that the incenter, centroid, and circumcenter of an equifacetal simplex must coincide, and asked whether the converse would hold in dimension 4.
A proof of the conjecture in higher dimensions would appear to require a larger family of centers, going beyond the classical ones.
THE COMBINATORIAL TYPE OF A SIMPLEX
Identify the 1-skeleton of an n-simplex with K n+1 , the complete graph on n + 1 vertices. We define the strong combinatorial type of a general n-simplex to be the edge-colored complete graph K n+1 on n + 1 vertices, where the lengths of the edges are enumerated and a suitable label or color is chosen for each edge of a given length. In other words we forget the actual lengths of the edges and only remember which edges have the same length. We will observe that any coloring of K n+1 arises as the combinatorial type of some n-simplex.
Realization of given simplex edge lengths. Consider the edge length function
It is understood that the domain of E is those (n + 1)-tuples (A 0 , A 1 , . . . , A n ) that actually form an n-simplex, which is given by a suitable determinant non-vanishing:
It is an interesting question how to characterize the image of the edge length function. When n = 1 any edge length arises. When n = 2 a triple of possible edge lengths is realizable if and only if the requisite triangle inequalities are satisfied. In general more conditions are required than just the triangle inequalities for all the faces, as one can easily see.
This question was first answered by K. Menger [16] (See the Third Fundamental Theorem on p. 738) in terms of inequalities for various determinants. A complete answer in the current form goes back to I. G. Schoenberg [19] , where it was shown that realizability is equivalent to a certain square matrix whose entries are polynomials in the proposed edge lengths is positive definite. See also L. Blumenthal [3] for an extended treatment of related problems. A version of the result is also given in Dekster and Wilker [4] and in Berger [2] , Theorem 9.7.3.4. I. Rivin [17] has given a recent clear treatment in modern terms and in the present spirit.
Suppose given a set of n(n + 1)/2 positive real numbers {ℓ ij }, which are intended edge lengths of an n-simplex. Here we understand that 0 ≤ i, j ≤ n, ℓ ii = 0, and For present purposes we content ourselves with following immediate consequence, which is needed for what follows.
Corollary 4.2. The edge length function has open image.
In other words, given an n-simplex S = A 0 A 1 . . . A n , and given a set of positive real numbers {ℓ ij }, the numbers are realized as the edge lengths of a simplex if the ℓ ij are sufficiently close to the edge lengths |A i − A j | of the given simplex.
We conclude this part with the observation that any edge-coloring of the complete graph K n+1 arises as the combinatorial type of an n-simplex. Proof. For each color choose a distinct real number arbitrarily close to 1. Then the openness of the space of realizable edge lengths shows that there is a simplex with these prescribed edge lengths close to the equilateral simplex with all edges of length 1. Now we need a way of describing the strong combinatorial types that correspond to equifacetal n-simplices.
RESTRICTIONS ON EQUIFACETAL SIMPLICES IN HIGHER DIMENSIONS
Here we observe the restrictions on the strong combinatorial type of an n-simplex that are imposed by being equifacetal.
As above we associate to each edge length ℓ of an equifacetal n-simplex S the graph G ℓ of all edges of that length. In this way we obtain the strong combinatorial type, or what we also call the colored graph decomposition
We forget the actual length of the edges and only keep track of which edges have the same length. From the present point of view it is the transitivity of the isometry group that provides important information. The following three assertions are immediate consequences of the vertex transitivity of the isometry group but are useful for recognizing equifacetal or nonequifacetal simplices. 
and v and w are two vertices of K n+1 , then the two colored graphs obtained by deleting v or w (and all edges incident with them)
In words, the colored graph decomposition of the complete graph associated with an equifacetal n-simplex has the property that the colored graph obtained by deleting any vertex is uniquely defined up to isomorphism of colored graphs. The following converse statement holds as well, by Theorem 4.3.
Theorem 5.4. A colored graph decomposition of K n+1 that satisfies the complementarity condition arises as the strong combinatorial type of an equifacetal simplex.
In dimension 2 there is only the equilateral triangle, which yields a graph with three nodes each of degree 2.
In dimension 3 there are three possible graphs for equifacetal tetrahedra: complete graph on 4 vertices (equilateral faces); one circular chain and one disconnected graph containing two edges (isosceles faces); or three disconnected graphs, each containing two edges (all three edges in a face of distinct length). And all these possibilities occur.
THE BOOKKEEPING PARTITION
One can use the following bookkeeping device to keep track of these graphs. To an equifacetal n-simplex we can associate a partition [n 1 , n 2 , . . . , n k ] of n, where we include n i in the list whenever there is one of the graphs of one edge length, of vertex degree n i . More generally, of course, one can associate such a partition to any uniform coloring of a complete graph K n+1 , in which each colored subgraph contains all the vertices and in which all vertices have the same degree. The bookkeeping partition is actually an invariant of what we might call vertex-regular colorings, in which all vertices have the same numbers of incident edges of each color. In particular, as we will see, the complementarity condition is not perfectly reflected in the bookkeeping partition.
We will refer to this bookkeeping partition [n 1 , n 2 , . . . , n k ] of n as the weak combinatorial type of an equifacetal n-simplex, or, more generally, of a vertex-regular n-simplex.
In even dimensions there is an additional restriction on the partition. Proof. Let G ℓ be the graph of edges of length ℓ. We need to show that all vertices have even degree. Since n is even, the number vertices, n + 1, is odd. If each vertex of G ℓ has odd degree, the the total number of edge ends is odd, contradicting the obvious fact that a graph has an even number of edge ends.
So in dimension 2 we only have [2] . In dimension 3 we have [3] , [ In general, in higher dimensions, a given partition can be realized in more than one way, as we will see in Section 8.
Devidé [5] completely characterized the actual pairs of edge lengths that can be realized from the essentially unique strong combinatorial type with two colors. corresponding to the partition [2, 2] . One just needs to plug the two edge lengths a and b into the matrix M of Theorem 4.1 and interpret the condition that the matrix be positive definite. (satisfying the parity condition when n is even) arise.
REALIZING THE COMPLEMENTARITY CONDITION
It is natural to conjecture that every such partition π of the dimension n, satisfying the parity condition, arises from an equifacetal simplex. It turns out to be true when n is even, but not always so when n is odd.
Here we explore some fundamental realizability results and turn to non-realizability in the next section. Proof. Note that if the result is true for a partition of k terms [n 1 , n 2 , . . . , n k ], then it is true for the partition [n 1 , n 2 , . . . , n k−1 + n k ], as one sees by simply coloring all edges previously colored k − 1 or k by a single color. Thus it suffices to realize the partition π = [2, 2, . . . , 2] with n/2 terms. To this end let the vertices be {0, 1, 2, . . . , n}.
Each edge ij appears in exactly one X k and all the vertices appear in each X k . Each vertex of X k has degree 2 in X k since n + 1 is odd. Thus X k can be expressed as a union of cycles, showing that π can be realized. (Note that the length of the cycles of X k is (n + 1)/ gcd(k, n + 1).) The sets X k are each invariant under a cyclic permutation of the vertices, which is transitive. The complementarity condition follows.
We will see how far one can push the preceding argument in the case when n is odd. Proof. As before it suffices to realize the partition π = [2, 2, . . . , 2, 1] with (n + 1)/2 terms. To this end let the vertices be {0, 1, 2, . . . , n}.
Each edge ij appears in exactly one X k and all the vertices appear in each X k . Each vertex of X k , k < (n + 1)/2, has degree 2 in X k since k ≡ −k mod n + 1 then. Thus such X k can be expressed as a union of cycles, as before. It remains to account for X (n+1)/2 . This actually consists of (n + 1)/2 disjoint arcs, where each vertex has degree 1. This realizes π. Moreover, once again all the sets X k are each invariant under the cyclic permutation i → i + 1 mod n + 1 of the vertices, which is transitive. (The coloring is also invariant under the action of the dihedral group of order 2(n + 1).) The complementarity condition thus holds.
In the preceding proof the length of the cycles of X k is (n + 1)/ gcd(k, n + 1). If that length is even, then that 2-cycle can be split into two 1-factors (a union of pairwise disjoint edges containing all vertices), replacing the corresponding 2 in π by 1, 1. Thus, if n + 1 is a power of two, then all the X k can be so split. Once one splits at least one 2-cycle this way, the corresponding coloring is no longer invariant under the cyclic group C n+1 of order n + 1 or dihedral group D 2(n+1) of order 2(n + 1), but it is invariant under the transitive action of the dihedral group D n+1 of order n + 1. More generally we have the following result, which represents our best statement in the problematical case when n is odd. 
. , n r ] be any partition of the odd integer n. Suppose the number of odd entries in π is no more than one plus twice the number of integers
k, 1 ≤ k ≤ (n − 1)/2 such that (n + 1)/ gcd(k, n + 1
) is even. Then π is realized by a coloring of the complete graph K n+1 in such a way as to satisfy the complementarity condition.
This can be easily used in particular to show that all partitions of n = 5, except the partition [1, 1, 1, 1, 1 ], which will be ruled out in the next section, can be realized by a coloring of the complete graph K 6 in such a way as to satisfy the complementarity condition.
One can conjecture that this result is best possible. First we reformulate the condition expressed in Corollary 7.4 into a more workable statement as follows. Given the odd integer n write n + 1 = 2 r s, where s is odd. We need to count the number of integers k such that 1 ≤ k ≤ (n − 1)/2 and (n + 1)/ gcd(k, n + 1) is even. In other words we need to count the integers k, 1 ≤ k ≤ 2 r−1 s such that 2 r s/ gcd(k, 2 r s) is even. Otherwise put it is (n − 1)/2 minus the number of "bad" k such that 2 r divides gcd(k, 2 r s). The number of bad k is [s/2] = (s − 1)/2. Thus the number we seek is
Conjecture 2. Let n be an odd integer and write n + 1 = 2 r s where s is odd. Then a partition
π = [n 1 , n 2 , . .
. , n k ] is realizable by an equifacetal n-simplex if and only if the number of odd n i is
at most n − s + 1.
The "if" part of the conjecture is given by Corollary 7.4. The thrust of the conjecture is the "only if" part.
It follows from results later in this paper that the conjecture holds for n ≤ 11. We will give one broad non-realizability result in the next section. And the listing in the appendix rules out a few other cases by more ad hoc reasoning.
As we shall now see, the complementarity condition (5.3) is not always satisfiable. Proof. If this partition is realized by an equifacetal n-simplex, then consider the isometry group G, which acts transitively on the vertices. We claim that the isotropy group at each vertex must be trivial. Suppose to the contrary that the isotropy group G v of some vertex is nontrivial. Let w be a vertex for which there is a g ∈ G v such that gw = w. Then the edges Elementary group theory then implies that G ≈ (Z/2) r for some positive integer r. Thus n + 1 = |G| = 2 r , as required.
This leads to another family of dimensions in which we have complete information about which partitions are realized by equifacetal simplices. Proof. According to Corollary 7.4 the partition is realizable provided the number of odd entries is at most n − s + 1 = n − 2. The only partition of n that has more odd entries than that is [1, 1, · · · , 1]. And the latter is not realizable by Theorem 7.5.
Interestingly enough it turns out when n is odd that standard results from graph theory show that any partition arises from a vertex-regular colored graph decomposition of K n+1 . By a vertex-regular colored graph decomposition we mean such a decomposition with the property that all vertices have the same number of incident edges of each length or color. When n is odd, then K n+1 has a decomposition into (n − 1)/2 Hamiltonian cycles (of length n + 1) and a 1-factor. See [7] , Theorem 2.3.2. This realizes the partition [2, 2, . . . , 2, 1]. Since n + 1 is even, the Hamiltonian cycles may be decomposed into pairs of 1-factors to realize [1, 1 . . . , 1]. The non-realizability result of Theorem 7.5 thus shows that such a graph coloring can be vertex-regular without being vertex-transitive.
EXAMPLES AND QUESTIONS
Here we mention a number of examples in dimensions 5 and 6 that show the limitations in general constructions. By employing a reflection that has no fixed vertices we can see that the isometry group is indeed transitive on edges.
Example 2. When n = 5 there need not be an isometry that interchanges two given vertices. For, in the preceding example, the edges of the triangles 02, 24, 40; and 13, 35, 51 cannot be reversed.
Example 3. When n = 5 there are inequivalent realizations of the partition [2, 3] by equifacetal simplices and colored graph decompositions. Here is a realization in which the edges colored 2 (corresponding to the partition term 2) form a connected cycle: 01, 12, 23, 34, 45, 50, in which those colored 3 are all the other edges. On the other hand one could equally well color the edges 02, 24, 40 and 13, 35, 51 "2", and the remaining edges "3". A simple drawing reveals that both of these colored graph decompositions satisfy the complementarity condition and arise from equifacetal 5-simplices. But they are manifestly inequivalent.
Example 4. When n = 5 there are vertex regular colored graph decompositions realizing the partition [1, 2, 2] that do not satisfy the complementarity condition (as well as realizations that do satisfy it). Consider the following coloring: color 1 is given by 04, 13, 25; color 2 is given by 02, 24, 41, 15, 53, 30; and color 3 is given by 01, 12, 23, 34, 45, 50. Again a simple sketch figure reveals the non-complementarity, in which the end points of the color 3 arc in K − 0 and K − 5, respectively, are connected by an edge with color 1 in the second case, but not in the first case. It is easy to apply Theorem 7.4 to construct a coloring with partition [2, 3] that does satisfy complementarity, as well.
Based on our low-dimensional constructions it is plausible to suppose that the isometry group of an equifacetal n-simplex is transitive on the sets of edges of given length. This in fact true for dimensions up through at least 5. General thinking shows that the set of edges of given length is certainly a union of orbits of the action of the isometry group on the set of edges.
Example 5. When n = 6 the standard realization of the partition [4, 2] has isometry group D 14 which does not act transitively on the set of "4" edges. The standard realization of [2, 2, 2] has the same isometry group. When two of the sets of different colors are repainted to have the same color, the isometry group, in this case, does not increase in compensation. See the appendix for a few more details.
In the introduction we observed that any segment is the edge of an equilateral triangle (Euclid) and a triangle is a facet of an equifacetal tetrahedron if and only if the triangle is acute.
Is there an effective and straight-forward criterion for when an (n − 1)-simplex is a facet of an equifacetal n-simplex?
Devidé [5] gave such a classification in dimension 4, aided by the fact that there is an essentially unique combinatorial type for a non-equilateral, equifacetal 4-simplex. Unfortunately such a result seems to be elusive in higher dimensions, partly because of the example of partition [1, 1, 1, 1, 1] that can be realized by a edge-coloring of K 6 , such that all vertices look the same, with all 5 different colors incident to every vertex, but such that the complementarity condition fails. Similarly we saw that there are colorings associated with the partition [1, 2, 2] that do not satisfy the complementarity property, even though there are other colorings that do satisfy it.
One can fairly easily develop a result that characterizes colorings of K n that extend to vertex regular colorings of K n+1 . Such an extension is essentially unique. Then one can inspect the resulting extension to see if it also satisfies the complementarity property (vertex transitivity). Surely there is a better result available. In relatively low dimensions we can list the combinatorial types of equifacetal simplices and then delete a vertex. But that process naturally becomes unwieldly as the dimension increases.
A PURELY GROUP-THEORETIC PERSPECTIVE
We claim that any finite group G of order m acts by isometries on an equifacetal nsimplex, where n = m − 1. Consider the regular representation G → S n+1 given by the action of G on itself by left translation. Then G acts on the set of edges, i.e. unordered pairs
Color each orbit of edges with a distinct color. Clearly G acts by isometries on any equifacetal realization of this strong combinatorial type. The full isometry group is harder to pin down. The corresponding partition has the form [2, . . . , 2, 1, . . . , 1], where the 1's correspond to conjugacy classes of involutions in G. In other words, edge orbits either consist of a disjoint union of cycles (of equal length) or consist of a pairwise disjoint union of edges.
For example, if G = C m , the cyclic group of order m = n + 1, we get the standard construction we used to in our basic realizability results. And the full isometry group would be the dihedral group of order 2(n + 1).
More generally start with any finite group G and subgroup H < G of index m, and let n = m − 1. Then the left action of G on G/H induces a representation G → S n+1 and similarly gives rise to an equifacetal simplex. This action has a kernel K = ∩ g∈G gHg −1 . The full automorphism group is an appropriate super-group of G/K.
APPENDIX A. TABLE OF COMBINATORIAL TYPES IN LOW DIMENSIONS
In each dimension n there is of course the trivial partition [n] and its unique corresponding colored graph, the complete graph K n+1 , with all edges colored the same, which is realized by a standard equilateral n-simplex, with isometry group S n+1 . We enumerate the possible nontrivial partitions and their possible colored graph realizations, together with the corresponding isometry groups.
In small dimensions one can often deduce the full isometry group as follows. If there is an edge orbit of type 2 that is a single cycle of n + 1 edges, then the isometry group overall is a subgroup of the isometry group of the cycle. On the other hand the isometry group must be at least of order n + 1. So in such a case the isometry group is cyclic C n+1 of order n + 1, dihedral D 2(n+1) of order 2(n + 1), or dihedral D n+1 of order n + 1. If two distinct 1-factors, each of type 1, fit together to form a single cycle, then the full isometry group must be just D n+1 . The group is C 2 × C 2 × C 2 , extended by S 3 , since the three a-segments must be preserved but can be independently reversed and also permuted among themselves. are the remaining undecided cases. The others can be realized, some perhaps in multiple ways. We look more closely at the two doubtful cases here. The conclusion, with extra work, is that these doubtful partitions cannot be realized.
(1) [2, 7 (1)]. This cannot be realized. If the type 2 were realized by a 10-cycle, then it could be split to realize [9(1)]. We conclude that the type 2 portion must arise (if it were to arise at all) from two disjoint 5-cycles, colored a, say. Label their vertices 0, 1, 2, 3, 4 and 0 ′ , 1 ′ , 2 ′ , 3 ′ , 4 ′ , respectively. Vertex transitivity implies that the isometry group contains a cyclic or dihedral group of order 10 respecting the expression as two disjoint 5-cycles. The rest of the colors need to be assigned equivariantly. The cyclic subgroup of order 5 shows that the remaining 5 edges involving the vertices of one of the pentagons must all have the same color. This means the partition cannot have seven 1"s. (2) [3, 6(1) ]. This cannot be realized. Two of the type 1 families of edges fit together to form a 10-cycle, which we may label as 012 · · · 9, invariant under a dihedral group D 10 by vertex transitivity. The remaining edges must be colored equivariantly. We then need to find two more 10-cycles of alternately colored edges, invariant under the group. There is 0369258147, but that is all, since the only numbers between 1 and 5, prime to 10 are 1 and 3.
Dimension 11. All partitions except [11 (1) ] arise from equifacetal 11-simplices, as noted in Corollary 7.6.
Dimension 13. We have n + 1 = 14 = 2 · 7, so partitions with at most 13 − 7 + 1 = 7 odd entries are known to be realizable. Unresolved cases then are those partitions with 9 or 11 odd entries, namely the seven partitions [11 (1) . These represent the smallest unresolved cases. Perhaps they can be dealt with in much the same way as those for n = 9 were handled, but it would be nice to have a general method that applies to all cases at once.
